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Optimal control has guided numerous applications in chemical engineering, and exact determination of optimal profiles is
essential for operation of separation and reactive processes, and operating strategies and recipe generation for batch
processes. Here, a simultaneous collocation formulation based on moving finite elements is developed for the solution of a
class of optimal control problems. Novel features of the algorithm include the direct location of breakpoints for control
profiles and a termination criterion based on a constant Hamiltonian profile. The algorithm is stabilized and performance
is significantly improved by decomposing the overall nonlinear programming (NLP) formulation into an inner problem,
which solves a fixed element simultaneous collocation problem, and an outer problem, which adjusts the finite elements
based on several error criteria. This bilevel formulation is aided by a NLP solver (the interior point optimizer) for both
problems as well as an NLP sensitivity component, which provides derivative information from the inner problem to the
outer problem. This approach is demonstrated on 11 dynamic optimization problems drawn from the optimal control and
chemical engineering literature. © 2014 American Institute of Chemical Engineers AIChE J, 60: 966-979, 2014
Keywords: optimization, process control, numerical solutions

Introduction

Dynamic optimization and optimal control have guided
numerous applications of chemical engineering. In AIChE
Journal alone, over 200 studies have appeared since the pub-
lication of Pontryagin’s classical contribution.! Optimal con-
trol applications abound in the development of optimal
trajectories for separation processes, including distillation®*
and crystallization,”’ determination of optimal material and
energy inputs, temperature and catalyst loading profiles in
continuous reactors™ and operating strategies and recipe
generation for batch processes.m_12 Once these optimal pro-
files are obtained, they serve as essential targets and refer-
ence trajectories to assess process performance, treatment of
uncertainty and variability, and timely adaptation to real-
time data. Optimal control strategies are challenged by the
need to capture discontinuities (breakpoints) in control pro-
files exactly, and handle constraints on state and control pro-
files. Also, for singular problems, control profiles cannot be
determined directly from the optimality conditions, and addi-
tional conditions need to be developed.

Most optimal control/dynamic optimization problems do
not have an analytical solution. Consequently, at the heart of
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optimal control strategies is the need to determine accurate
optimal trajectories for complex system models with efficient
and reliable nonlinear programming (NLP) methods. In this
study, we develop an efficient strategy for the solution of a
class of optimal control problems that leads to numerically
exact input trajectories.

For dynamic optimization and optimal control, simultane-
ous collocation methods have seen considerable development
over the last two decades. Here, both the discretized
differential-algebraic equation (DAE) model and the optimal
control problem are formulated as a single NLP problem.
The DAEs are discretized to a set of algebraic equations
over finite elements in time, using, for instance, implicit
Runge—Kutta (IRK) methods for the discretization. With the
development of large-scale NLP solvers, direct transcription
has been applied to challenging dynamic optimization prob-
lems. A key feature of simultaneous collocation is that the
embedded solution of the DAE model is no longer required.
Instead, exact first and second derivative information for the
NLP are readily obtained from the discretized algebraic for-
mulation. Consequently, time-consuming sensitivity calcula-
tions tied to the DAE solver are avoided and failures of the
embedded DAE solver are bypassed. This issue is especially
important for DAE systems that have unstable forward
modes. Finally, the large-scale NLP formulation is often
sparse and structured, and flexible decomposition strategies
can be applied for efficient solution of the NLP.
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An important issue in the development of simultaneous
collocation methods is the choice of the finite element mesh.
This choice is guided by two objectives. First, the finite ele-
ment mesh is selected to ensure accuracy of the DAE model.
Given a suitably accurate IRK discretization, accurate solu-
tions to a (semiexplicit index-1) DAE can be obtained with a
sufficiently fine mesh. Second, a mesh must also be selected
that determines the optimal location of the control variable
breakpoints. In Ref. 13, mesh selection and successive
refinement is performed through the solution of a sequence
of NLPs, each with an equally spaced fixed mesh. This
approach leads to a well-defined set of optimization prob-
lems, but it can be slow in the determination of breakpoints,
as mesh refinement may require many more finite elements
than needed to determine accurate solution profiles. This can
be especially expensive if structural discontinuity is not built
into discretization of the control profiles.

This study explores an alternate simultaneous collocation
strategy where moving finite elements are embedded within
the solution of the optimization problem. The approach also
incorporates a mesh refinement stage, but it contains two
important features: direct determination of the breakpoints as
part of the finite element mesh and a stopping criterion based
on the profile of the Hamiltonian function. As noted in pre-
vious work,'*™” handling moving finite elements provides
some challenges. Because a variable mesh introduces addi-
tional nonlinearity into the equality constraints, and addi-
tional nonconvexity into the NLP formulation, we explore a
bilevel decomposition strategy with an inner optimization
problem that deals with a fixed mesh, and an outer optimiza-
tion problem that adjusts the finite elements. This bilevel
approach leverages NLP sensitivity capabilities for the inner
problem and allows for flexible problem formulations in the
outer problem for mesh placement. As a result, it decom-
poses a poorly posed problem into two parts: a large-scale
problem that is easier to solve, and a smaller, more difficult
problem that can be tailored to specific problem classes and
challenges.

The next section provides a detailed introduction of our
direct transcription approach as well as additional conditions
for moving finite elements. The section Decomposition for
Moving Finite Element Optimization Strategy then develops
the bilevel decomposition strategy along with mesh initiali-
zation. The sections Optimal Control of Batch Reactors and
Optimal Control of Modified Singular Problems present
numerical results for batch reactor optimization and modified
singular control problems, respectively, that demonstrate the
effectiveness of the bilevel approach. The section Conclu-
sions and Future Directions concludes the article and offers
directions for future work.

NLP Formulations and Solution

We describe the class of dynamic optimization problems
for this study as the following multiperiod representation

over a number of variable time periods, /=1,...,N,t € [t,—,
l‘l] with IN=1f
min ®(z"(17)) (1a)
d_Zl _r(l 1 1 Ty
s.t. dt f(Z (t)vy ([)7’" ([))’ z ([0) 20 (lb)
d7! _

E—f(Z’(t)7y’(t)7u’(t))7 () =" 0-1), 1=2,... N (Ic)
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g(Z' (1), ¥ (1), u'(1))=0, I=1,...,N (1d)
u, <u(f) <uy,t € (4-1,4), 1=1,...,N (le)
Y (1) <0 (1)

The DAE model 1b-1d is given in semiexplicit form and is
assumed to be index-1. Also, we assume that the differential
and algebraic state profiles z/(f) and y(f), respectively, and
control profiles u/(f) are bounded, sufficiently differentiable
functions of time within each time period, / with 7 € (1,1, 1),
and /() is required to be continuous at #; with /=1,... ,N—1.
Constraints on state profiles are not considered in this study.
Also, we assume, without loss of generality that #, can be cho-
sen so that the solution of Problem (1) has control profiles with
ul(1)=u j, uj(1)=uy, or upj < uj(r) < uyj,
t € (ti-1,4),j=1,...n,. With this assumption, all touchpoints
(at the bounds of u(f)) are located only at #,.

For Problem (1) we define the Hamiltonian function in
each period as

H'(6) = 2(0)" F (2 (1), Y (), (1)) +n(0)" g (2 (1), ¥ (1), ' (1)
o (1) (u(t) =) o (1) (1= u(r))
(@)

where /', n',o, and o are the adjoint profiles. As a result,
the necessary conditions of optimality (NCO) for (1) can be
written as

di'  OH!

E—_g7l—1,...,N (3a)
oD(tr) , ()

Neo oy f f

N (1) 5 + 5 (3b)

A=), 1=1,... ,N—1 (3¢)

OH!'  OH'

8—y1—0,W—0,1—1,...,N (3d)

0<ok(n)L — 0
< o () L(u(t)—ur ' o)

(3

along with the additional constraints (1b)—(1f). As Problem
(1) is not an explicit function of ¢, it is well-known that the
Hamiltonian is continuous at #;, even if u(¢) is not, and con-
stant over time,?° that is

H' (1) =H""" (1) (4a)
H'()=H"(t)=H, I=1,...,N—1 (4b)

Simultaneous collocation

To define our simultaneous collocation formulation, we
introduce an orthogonal collocation formulation based on
Lagrange polynomials using either Gauss or Radau points on
finite elements. Here, we choose K + 1 interpolation points
in element /i and approximate the state in a given element i,
as the following polynomial

K K (T_Tk)
&)= i\T)Zij, £i\T)= ) i—1, 1],
0= 6@ 60= 11 =y re vt o

7€ 10,1]

where t=t;—1+hit,79=0,0 < 1; <1,j=1,...,K are shifted
Gauss or Radau points and 7#; is the length of element i. This
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polynomial representation has the desirable property that
ZK(I,-J-)=Z,-]-, where t;=t;—+71;h;. For N > 1, we also enforce
continuity of the differential state profiles across element
boundaries, written as

Zi+1,0~= Zé Zz/7 1,
Zf: Zéj(l
=0

In addition, the control variables and algebraic states can also
be represented by Lagrange interpolation profiles at K points

. N—1 (6a)

)znj, Z10=20 (6b)

W ()= (), y* (1)= Z ()i,

J=1

~.

@)

=1
K

where f H

k=1 ;é

Substituting (5) and (7) into the DAEs in Problem (1)
leads to the collocation equations written as

_Tk

Zé Tk ZU Lf Ziks Yiks U Ik) 0 (83)
Zit10™ Zz )zij= (8b)
g(Zik7Yik>Mik):07 i=1 ) 'aN: k:17"'aK (80)

where @j(f)=%@. With fixed elements, h;, the NLP formu-
lation corresponding to the optimal control problem can be
written as

min ®(z) (9a)
K .
s.t. Zﬁj(rk)z,;/—hif(zik,yik, uix) =0 (9b)
Jj=0
8z, yik, uir)=0 (9¢)
I/IL<M,']<<MU7]C:1 K, i:l,...,N (9d)
leo—ZE )z i=1,...,N=1 (%)
K
Z (D)znj, z10=2(t9) (91)
=0
W(z) <0 %g)

Using collocation equations in each element, along with
continuity of the differential variables and breakpoint loca-
tions for the controls, once can relate the periods in (1)
indexed by / to the finite elements indexed by i in (9). There-
fore, these two problems are essentially the same as long as
the collocation approximation is a sufficiently accurate
approximation of the DAE system (1b)—(1d). As this is a fully
IRK method, order results for the approximation error are
well known and can be enforced with the addition of error
constraints discussed in the next subsection. Moreover, the
NLP (9) provides an accurate approximation to (1). Therefore,
if we maintain /; sufficiently small, the multipliers and the
controls with Radau collocation converge to the true solution
at the rate of O(hX), while the Lagrange multipliers scaled by
w; provide estimates of the adjoint profiles for Problem (1.
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Treatment of finite elements

An important concern in the solution of the simultaneous
collocation Problem (9) is the appropriate selection of ele-
ment lengths #;=t;—t;—;. Clearly, if &; is fixed in the NLP,
then the resulting problem is generally easier to solve. In
fact, for a linear DAE system, fixing 4;, leads to a linearly
constrained NLP.

On the other hand, treating /; as variables in (9), where
they can “move” during the solution of the NLP, may pro-
vide a more accurate approximation to (1) with fewer finite
elements. Provided that values of #/; remain sufficiently
small, these variables can locate breakpoints in the optimal
control profile along with profile segments (i.e., periods)
with active bounds. Moreover, for Runge—Kutta methods
state profiles need to remain smooth only within a finite ele-
ment; this allows Problem (9) to deal with breakpoints at
finite element boundaries in a well-defined way.

Placement of finite elements is often done through com-
parison with numerically integrated state profiles. This con-
cept guides the initialization step of our overall moving
element strategy as well. In addition, moving finite element
formulations have been described extensively in Refs. 22
and 23 for the solution of boundary value problems. Assum-
ing that the state profiles are smooth over the domain of
interest, the global error from the polynomial approximation,
e(t)=z(t)—zK(t), can be estimated from

10)

where p =2 is for Gauss—Legendre points and p =1 for
Radau points, C; is a computable constant and T;(¢) can be
computed from the polynomial solution. Choices for T;(r)
are reviewed in Russell and Christensen.”’ In particular, we
may compute the residual DAEs at noncollocation points,
tinc as follows

dzX

— (finc —hy K linc K Tinc K Tinc
i | e R ) el ) )
g(ZK(tiA,nc)>yK(Z(tl}nc))aMK(ti,nC))
(11)
With ;. nc =ti—1+hiTine; Tine € [0, 1] this leads to ||e;(7)]]

< C||Ti(tine )|| with the constant C given by

Tinc

K
CZ_JHS ‘L'JdYA Hrlnc
j=1

as shown in Ref. 23. With this estimate, N sufficiently large
and a user-specified error tolerance ¢, appropriate values of
h; can be determined by adding the error constraints (12) to
Problem (9)

(12a)

N
E hi=ts,h; >0
=1

ClITi(tine)|| < & (12b)

Because these constraints may be severely nonlinear, suc-
cessful implementation within a simultaneous collocation
approach requires careful solution strategies, as considered
in Refs. 14-19.

In addition, we consider two further restrictions on the con-
trol profile approximations given by (7). First, a general
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polynomial representation of the control profile may violate
its bounds between collocation points. Second, the set of
active bounds may change within a given element, and this
may lead to nonsmoothness in the state profiles within that
element, and poor approximations using (5). These problems
are avoided if we represent the control profile in each element
i as a monotonic polynomial, ¢(t,v;) with ug=0c(tt,v;) and
v; as a vector of decision variables that define the polynomial,
so that the extremes of o(t,v) are at the element boundaries.
This choice includes control representations that are rational
or exponential functions. For this study, we choose only con-
stant or linear representations within each element. The com-
bined NLP formulation can, therefore, be completed by
adding the constraints (12) and uy =0 (1, v;) to (9).

Finally, we note from Refs. 15 and 21, that the Karush-Kuhn-
Tucker (KKT) multipliers from the solution of (9) can be related
to discretized approximations of adjoint profiles, A(fz) and
1(ti). In particular, the quantities Ay =iy and 7, =wrhin;
are the multipliers for (9b) and (9c), respectively, where w;=
fol i (t)dt is the quadrature weight.

We could also develop criteria similar to (12b) to monitor
whether A(7),n(t) and NCO are approximated accurately.
Here, we develop an error criterion that corresponds to (3)
by eliminating the bound multipliers. We define polynomial
approximations to the adjoint profiles as follows

K=Y 6@ (0= _t(x)n;
=0 =1

A (0= 250 F (X (0), 5(2), 1 (0) 0% (1) (2K (1), Y% (1), K (1))

Evaluating these criteria at noncollocation points #; ,. leads
to

e A" ]
— Uinc + i \inc
g7 (tine ) Thi=5—(1inc)
~K
OH
Si(ti,nc): Ty(ti,nc)

~K

_min Ii “ou (tine ), ”é/_u(ti.nc )y u(tinc ) _ulL]

13)
From this condition, we can impose the error constraint on
the optimality conditions

CISi(tine )l <& (14)

The mesh refinement difficulties posed by breakpoint selec-
tion and satisfaction of (12), (14) lead us to consider a bilevel
optimization strategy. Here, we consider an inner optimization
problem with a fixed mesh, whereas the outer problem consid-
ers the placement of the finite elements. This is similar to
some of our previous studies. In Refs. 17 and 18, a bilevel
strategy was proposed that uses (12), but NLP solvers and
sensitivity were limited. This led to a nondifferentiable outer
problem along with a specialized bundle solver. Conversely,
in Ref. 14, a bilevel strategy was proposed where only the
collocation equations were considered in the inner problem,
whereas the outer problem was solved in the space of the con-
trols and finite elements. Finally, in Refs. 15 and 16, the over-
all problem was solved in full space with a barrier method,
and refinement of the finite elements was made along with
adjustment of the barrier parameter. In this way, a bilevel
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strategy was formulated naturally as part of the nested solu-
tion of the barrier problem.

In this study, we extend our previous studies to a bilevel
approach enabled by a barrier NLP solver [interior point
optimizer (IPOPT)**] that is coupled seamlessly to an NLP
sensitivity strategy (sIPOPT?). Additionally, we incorporate
Hamiltonian-based constraints in the outer problem as well
as efficient sensitivity calculation of the inner problem, for
both the state and adjoint variables.

Decomposition for Moving Finite Element
Optimization Strategy

To develop the bilevel strategy, we first generate a feasi-
ble mesh that is consistent with the discretized optimization
problem and feasible for a specified level of approximation
error. For this, we begin by considering two initialization
approaches, one based on single shooting and one based on
multiple shooting.

Mesh initialization

In the single shooting initialization, we generate the initial
mesh by fixing u(?) to initial (guessed) values ii(z) and solv-

ing a sequence of NLPs indexed by i=1,2,3,... given by
h;=arg {max h; (152)
K .
s.t. Zéj(rk)zij—hif(zik,yik,ﬁik)=0 (15b)
=0
K
Zi+1,0= Zéj(l)zi/’ (ISC)
J=0
g(Zikayihﬂik):O: kzla"'7K (15d)
< CTi(tine) < e (15¢)
i1
0 < Ay < min (hmax, tr— > _ i) (15f)

=1

where z; g=z¢. This approach mimics an initial value DAE
solver with time steps h;, and leads to a feasible initializa-
tion for (9). It is particularly suitable for DAEs with stable
forward modes, and is our default strategy as long as the
state variables remain bounded.

The multiple shooting initialization is required if the state
variables do not remain bounded in the single shooting strat-
egy. Here, we select a suitable bounded region (often prob-
lem dependent) for the states z(r) € %, apply the single
shooting strategy and terminate the sequence of NLPs (15)

when z;,, o & for i > 1. We then define N,=[1;/(3\—| I]
time periods and replicate the state profiles from the first i—1
elements over the elements i=j(f—1)+k with j=1,...,
Ny, k=1,... ,i—1. These profiles, with N < N,,(f—l) ele-
ments then remain feasible and bounded in each period.

The inner problem

For the inner level of our optimization strategy, we rewrite
(9) as the following NLP with /4, fixed to &; and the approxi-
mation error constraints (12b) replaced by placeholder varia-
bles T;, that is

min  ®O(z) (16a)
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K
st ()= hif (zie, Yit wix) =0 (16b)
=0
8(zit, yir, uix) =0 (16¢)
ug=0(te, vi) (16d)
MLSM,'/\»SMU7/€€{1,...,K},ie{l,...,N} (16e)
K
zis10=» _Li(1)z,i=1,... ,N—1 (16f)
=0
K
zr= ) {i()znj,z10=2(t0) (16g)
=0
W(z) <0 (16h)
dzX K K K
d—(linc)_hif(z ([an)»y (Z(fi,nc))v” (tinc))
T,‘: T
(161)

g(ZK(thc )ayK(Z(ti,nc ))7
i=1,...,N

”K(ti,nc ))

This problem has a feasible starting point due to the above
initialization strategy. Also, the constraints (16i) are easy to
satisfy because the placeholder variables 7; are not con-
strained, but merely used to represent the error constraints
used in the outer problem. The optimality conditions of this
problem are given by the constraints (16a)—(16i) as well as
the following stationarity conditions

od 0
Zf L —+

W
bz oz Y 0 (7
0> yY(z)Ly >0 (17b)
K . —
Zio - — ZEo(fk))»,-k+(v,l—£0(1)vi+l)=O, i:1,. . 71\7_1(17C)
k=1
K —
INO - T ZZ (Tk))NNk‘f‘(VN_go(l)Vf):O (17d)
k=1
K
of 3 0g _
i T l; )1 +l’l + f
ZJ ; ( ) ik a 8 ’7/ (176)
—4(1)vir1=0,i=1,...,N—1
K .
. D
2 —Zf.f(fkﬂwhfa—fw azg y—6(1)y=0 (176)
k=1
_Of =  0Og _
i . e },["f‘ - i 1
yj h ayll lj 8_)7[]"1” 0 ( 7g)
_of - 0
0 hia—fﬂ ag M=ok +ad +(;=0 (17h)
0 < wy—ug Lo > 0,0 < uy—uy Loy, >0 (171)
K
da (1, v; .
Vi o Z%g:o. (17))

j=1

Alternately, {;; can be eliminated, and (17h) and (17j) can
be combined to form
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K
80(1,,\/,) 8f dg _ LU

) + 20—k 4ol =

. v u,:,}” 8u,;,~n" %+ ) =0 (18)

J=1

Also, note that the error definition (161) does not appear in
the optimality condition as the corresponding multipliers on
these equations (and variables T;) equal zero.

Solution and Sensitivity of the Inner Problem

To solve the inner problem, we apply an efficient barrier
solver, such as IPOPT. A key advantage of this solver is that
NLP sensitivity information with respect to the element
lengths h is generated automatically. Here, we represent the
inner problem (16) with fixed element lengths as

min, f(x)
s.t.c(x;h)=0,x>0

(19a)
(19b)

and we obtain the solution to this problem by solving the
following sequence of problems with p, — 0

ny

WZln

s.t. c(x;h)=0

min , f(x) (20a)

(20b)

Moreover, we need not solve the inner problem com-
pletely by letting 1, — 0. Instead, a sequence of solutions to
Problem (20) with p sufficiently small still provides the fol-
lowing properties:

Theorem 1. (Properties of the central path/barrier trajec-
tory)*® Consider Problem (19) with f(x;h) and c(x h) at
least twice differentiable in x and once in h. Let x be a
local constrained minimizer of (19) with the following suffi-
cient 0ptlmallty conditions at x :

o x is a KKT point.

e the Mangasarian—Fromowitz constraint qualification
and strict complementarity hold at X, for some bound
multiplier v* that satisfies KKT conditions.

e the strong second-order sufficient conditions (SSOSC)
hold at the KKT point.

If we now solve a sequence of barrier problems (20) with
wy — 0, then:

1. There is at least one subsequence of unconstrained mlm-
mizers (x(i;)) of the barrier function converging to x .

2. For every convergent subsequence, the corresponding
sequence of barrier multiplier approximations is
bounded and converges to multipliers satisfying the
KKT conditions for x .

3. A unique, continuously differentiable vector function x(u)
of the minimizers of (20) exists for u > 0 in a neighbor-
hood of u=0.

4. lim o+ x(p)=x

5. |bx(w)=x*[|=0(n) ) .

Having the primal—dual solution vector s(u, /)= (x(u,h),
I(u, h)) of (20), we now require its sensitivity to changes in
the mesh &. For this, we apply the following property.

Theorem 2. (Sensitivity Properties)27 For Problem (20)
assume that f(x; h) and c(x; h) are k times differentiable in h
and k + 1 times differentiable in x. Also, assume x(p; h) is a
KKT point of (20), where linearly independent constraint
qualification (LICQ) and SSOSC hold.

e x(u, h) is an isolated minimizer and the associated mul-

tipliers Y(u, ) are unique.

*
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e For some h in a neighborhood of h, there extsls a k times
differentiable function s(u, h)"=[x(u, h)";9(u, h)"] that
corresponds to a locally unique minimum for (20).

This property allows us to compute the sensitivity infor-
mation of x* with respect to A, that is, d‘("m Calculation of
the sensitivity of the inner problem varlables with respect to
h now proceeds from the implicit function theorem (IFT)
applied to the optimality conditions of (20) at 4. As shown
in Ref. 25, we define the quantities

W(siuh) Al h)  —1
M(s(u, h))=| A(x, u, h)" 0 0 1)
V(u, h) 0 X(u, h)
and
VL (s(p, b)) 0
Ni(s(p.h))= | Vie(x(u,h)) | \Ny=| 0 (22)
0 —ue

where el =[1,1,... 1], s(u, h) = [x(u, h), 9 (i, ), v(n, ﬁ)]T,
W(s(u,h)) denotes the Hessian V,L(s;h) of the Lagran-
gian function evaluated at s(u,h),A(x(u,h))=V,c(x;h)
evaluated at x(u,h),X=diag {x} and V=diag {v}. Applica-
tion of IFT leads to

T
M(s(p ) BT

When LICQ and SSOSC hold, M(s(u,%)) is nonsingular
and the sensitivities are calculated by sIPOPT from

ds(u,h)" _
dh

Moreover, in IPOPT M(s(u, %)) is directly available in fac-
tored form from the solution of (20), so the sensitivity can be
calculated through a simple backsolve. Once these sensitivities
are calculated, we obtain gradient information used directly in
the solution of the outer problem, considered next.

+N;(s(u, h))=0 (23)

—M(s(u, 1)) 'Na(s(p, ) 24)

Outer problem

The initialization approach in the previous section leads to
feasible finite element mesh for Problem (9). However, the
addition of error constraints (14) leads to a highly constrained
problem that is generally difficult to converge to the optimum.
Moreover, the solution of (9) may lead to suboptimal profiles
if there are insufficient elements to represent the optimal solu-
tion. Consequently, a provision is needed for additional ele-
ments as the optimization progresses.

To address this issue, we choose an alternate optimality
criterion based on (4b) instead of (3a)—(3f). As shown in Ref.
21, KKT multipliers for the constraints (16b), (16¢) provide an
O(hX) approximation of the adjoint variables. Using these
multipliers as well as constraint values from (16), we approxi-
mate the Hamiltonian at the collocation points as follows

H(t l)K+k_H (tlk) ,kf(Z:szkﬂhk)

wkh ZE ) Zij

where iikZZik/O)k,sz is the corresponding KKT multiplier
from the inner problem (16) and @y is the quadrature weight

+’7,Ag(21ka)’m utk
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[Note that at #; the complementarity terms in (2) are zero and
are omitted in (25)]. To ensure that the optimal control solu-
tion is sufficiently accurate, we enforce the condition that the
Hamiltonian profile, represented by (25), is constant over time.

We now consider the following outer problem, where only
the variables /; remain to locate the breakpoints and satisfy
the error constraints. This problem is stated as follows

(D )+ + 26

£ o0 p(zw, £)
—(vi+e) < CT«(h) <etvy, v >0,i=1,....N  (26b)
Hi—yk+i(h wkh, k/zf i(ti)ziw (h (26¢)
—(ent+w;) <H—H < (en+tw;), w; >0, j=1,...,NK (26d)
0 S hi S hmax (266)

N
> hi=t (260)

i=1

where the variables zy(h), Ay (h), T;(h) arise from fully con-
verged solutions of (16) with a fixed mesh 4. Hence, solu-
tion of Problem (16) must be nested within the solution of
(26). In solving (26) gradients with respect to z¢(h), zi(h),

j,ik({z) and T;(h) are determined from the sensitivity terms

ds(ﬁjjl“h), which are well-defined for u > 0. Second-order sensi-

tivities are not calculated here as Problem (26) is relatively
small, and an NLP solver with quasi-Newton Hessian update
is sufficient to find a solution to (26).

A key objective in (26) is to enforce a constant Hamilto-
nian profile (26d) using the variable H. However, this con-
straint may require additional finite elements. As a result
artificial variables w; and v;, and an /; penalty, with parame-
ter p > 0 sufficiently large, are introduced to enforce a solu-
tion to the outer problem with error tolerances ¢ for the
approximation error and ¢, for the Hamiltonian profile.

Last, we analyze the quality of the solution of (26). In
addition to the constraints in (26) the KKT conditions of the
outer problem are given by

d(I) K dH;(h _
i )("/;— Y )
dh = dh;

h;

1

dT X (27a)
W (55 o7 )+ (B )

1

+CZ

+7=0

wj s p=y; +y; +p} (27b)
viip=0;+6; +p (27¢)

B N
H:Y (57 =77)=0 (27d)

j=1
0 < wjteg, +Hj—[-7j_y; >0 (27e)
0 <wjte—H+H1y >0 (279

25

) 0<h LR >0 (27g)
0 <A™ —p; L ™ >0 (27h)
0 < vi+e+CT;(h) L5, >0 (271)
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0 < vi+e—CT;(h) L5 >0 (7))
0<wilp >0 (27k)
0<v1B >0 (271

Based on this solution, the following observations lead to
useful heuristics for the management of additional finite
elements.

o If ﬁIQ > 0, it is clear that corresponding #;=0 can be
removed without changing the solution or the multi-
pliers for the other elements.

o If w; >0, then =0 and p=yj+ +7;, where p is
allowed to be arbitrarily large. Also, as 0 < yj*J_
V2 0, we see that either yj* ory; becomes very large.
A similar argument can be made for &;,3; if v; > 0.

e From the structure of (27a), we do not expect all multi-
pliers to be affected by p, as at least some elements would
be inactive. Conversely, for elements where w; > 0 or
v; >0, it is clear that f™ >0 and the upper bounds
(26e) must be active. Consequently, indices i in (27a) with
large multipliers correspond to elements that need to be
bisected or supplemented with additional elements.

e Finally, if v;=0 and w;=0, and the constraints (26b)
and (26d) are inactive, then we have a solution given

by
—en <Hj—H <@g, —¢<T; <e, (28)
dd K dH;(h) do
4t J I —yT )=
dh; 2 a0 = g

(29)

j=1
NK
dH;(h) L
=
and the elements are optimally placed.

Bilevel strategy

The resulting bilevel mesh refinement strategy is given as
follows:

1. (Optional) Divide the time domain equally with a small
number of fixed finite elements and solve (9) to provide
a value for /™ and an initial guess for u(z).

2. Having an initial guess iu(7), solve a sequence of NLPs
(15) for i=1,2,3,..., while tr— Z;;ll hy > 0, to deter-
mine an initial finite element mesh /; with the single
shooting approach. If state profiles become unbounded,
apply the multiple shooting approach.

3. For a given error tolerance ¢ and (minimum) barrier
parameter L, solve the outer problem (26) with embed-
ded solutions of the inner problem (16) and the sensi-
tivity system (23).

4. If [3? > 0, delete element i and renumber the elements.

5. If Zjvzkl wi+ Zf\’:] v;=0, stop. Otherwise, examine the
multipliers in (27a) and bisect element i that corre-
sponds to active constraints (26e). Reinitialize the vari-
ables for Problem (16) with the newly inserted element
and return to Step 3.

This bilevel optimization strategy was implemented in
AMPL and IPOPT** was used as the NLP solver for both
problems (16) and (26). For the inner problem, exact first
and second derivatives were supplied by AMPL. For (26),
gradients were supplied from the NLP sensitivity code
sIPOPT from the solution to (16). The limited memory
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BFGS option in IPOPT was used to solve the outer problem.
In Problem (16), three collocation points (K = 3) were used
for the state variables and piecewise linear control profiles
were applied. Also, the error constraints (16i) were applied
at two noncollocation points within each element with
£¢=10"*. The inner problem was converged to a KKT toler-
ance of 107 '? to ensure accurate sensitivities. For the outer
problem (26) &=10"*|H|, p=10* and the KKT tolerance
was set to 10 . All numerical experiments are carried out
on Intel(R) Core(TM) 2 Duo CPU P8800 processors (2.66
GHz and 4.0 G RAM) running Windows 7.

Optimal Control of Batch Reactors

In this section, we apply the bilevel optimization strategy to
five case study examples drawn from optimal temperature con-
trol in batch reactors. These nonsingular problems have well-
defined solutions and similar examples are considered in Ref.
16. The first three problems have well-conditioned profiles
that can be solved with the bilevel approach. The fourth and
fifth problems exhibit steep control profiles and demonstrate
how the bilevel strategy must add finite elements to obtain
accurate optimal control profiles. In all cases, the single shoot-
ing initialization based on Problem (15) was able to determine
the initial mesh. Then, the bilevel strategy is converged to
optimal solutions within the stated tolerance.

Temperature profiles for batch reactor
with Parallel kinetics

We consider a nonisothermal batch reactor with first-order
parallel reactions A — B,A — C where the goal is to find a
(transformed) temperature profile that maximizes the final
amount of product B after 1 h (#z=1). The optimal control
problem can be stated as

min  —b(1) (30a)
st %=—a()( () +u()/2) (30b)

db

= =a(t)u(t) (30c)
a(0)=1, b(0)=0, u(t) € [0,5) (30d)

The initial number of finite elements for Step 1 is set to
20 and the bilevel approach increases this number to 28.
This requires four solutions of the outer problem and a total
of 115 IPOPT iterations for (16). The total time for solving
the outer problems is 43.2 CPU seconds. The value of H
from (26) is 0.1585412 and the optimal objective has a value
of —0.5735449921555. The final element distribution along
with the state, control, and Hamiltonian profiles are shown
in Figure 1.

Temperature profiles for batch reactor with van de
Vusse kinetics

The nonisothermal batch reactor with van de Vusse
kinetics is an extension of the series reactions with A — B
— C and 2A — D, where the goal is again to find a (trans-
formed) temperature profile that maximizes the final amount
of product B after 1 h (##=1). The optimal control problem
can be stated as

min  —b(1) (3la)
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Figure 1. Control and Hamiltonian profiles for batch
reactor with parallel reactions.

d

st £=—(k1+k3)a(t) (31b)
db

o =ka(t)—kab(1) (3lc)

a(0)=1,5(0)=0, u(r) € [0,0.5] (31d)

and k=oub i=1,...,3 and a=[1,10,1],=][1,2,1.5]. The
initial number of finite elements for Step 1 is set to 20 and
the final number increases to 21 with the bilevel approach.
This requires two solutions of the outer problem and a total
of 42 IPOPT iterations for (16). The total time for solving
the outer problems is 11.7 CPU seconds. The value of H
from (26) is 0.06390922 and the optimal objective has a
value of —0.1585018546365. The final element distribution
along with the state, control, and Hamiltonian profiles are
shown in Figure 2.

Temperature profiles for batch reactor with Denbigh
kinetics

The nonisothermal batch reactor problem for van de Vusse
kinetics is now extended to deal with Denbigh kinetics with

1= T T T T T T T T T

0.8 T 1
o8t  |----- a T
...... b
0.4f u b
0.2r
9 G‘.1 DI2 0'3 DI4 0I5 0I6 OI7 018 DIQ
.065) 7 7 T u 4 u + 3 i
0641
06 L . L . . . . L .
. 3() 0.1 02 03 04 05 06 07 08 09 1
Time
+ 4+ A Ht A
0 0.1 02 0.3 0.4 05 0.6 07 0.8 0.9 1

Figure 2. Control and Hamiltonian profiles for batch
reactor with van de Vusse reactions.
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A—B—C,A— D,B— FE where the goal is to find a
(transformed) temperature profile (transformed) temperature
profile that maximizes the final amount of product B after 1
h (= 1). The optimal control problem can be stated as

min  —b(1) (32a)

st. % — (ka0 +ks)a(t) (32b)
db 1

o ik.a(z)z— (kb (1) +ka)b(1) (32¢)

a(0)=1,b(0)=0, (32d)

and k=0l i=1,...,4 and a=[1,10,1,2],=[1,2,1.5,3].
The initial number of finite elements from Step 1 was set to 20
and the final number remains at 20. The bilevel approach requires
only one solution of the outer problem and a total of 11 IPOPT
iterations for (16). The total time for solving the outer problems is
2.5 CPU seconds. The value of H from (26) is 0.02382238 and
the optimal objective has a value of —0.06573002542291. The
final element distribution along with the state, control, and Hamil-
tonian profiles are shown in Figure 3.

Temperature profiles for batch reactor with series
kinetics

We consider a nonisothermal batch reactor with first-order
series reactions A — B — C. For optimal reactor operation,
we seek a temperature profile that maximizes the final
amount of product B after 1 h of operation 7= 1.

The optimal control problem can be stated as

min  —b(1) (33a)

da
st. o =—a(tu(r) (33b)
% —a(t) u(t) =2 b(1) u(1)® (33¢)
a(0)=1,b(0)=0 (33d)
0<ut) <5 (33¢)

The initial number of finite elements for Step 1 is set to
20. The two-step algorithm is executed and terminates with
the /; penalty term at zero. The number of finite elements

0220 0.1 02 03 04 05 06 07 08 :

—— Hamiltonian

024t
2 01 02 03 04 05 06 07 08 09 ]
Time
0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 3. Control and Hamiltonian profiles for batch
reactor with Denbigh reactions.
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Figure 4. Control and Hamiltonian profiles for batch
reactor with series reactions.

increases to 47. This requires nine solutions of the outer
problem and a total of 479 iterations for the inner problems.
The value of H from (26) is 0.1090224625156 and the opti-
mal objective has a value of —0.324143015236. The total
time for solving the outer problems is 439.7 CPU seconds.
The final element distribution along with the state, control,
and Hamiltonian profiles are shown in Figure 4. It is interest-
ing to note the initial mesh was determined with a flat con-
trol profile; therefore, the resulting steep optimal control
profile leads to considerable computation to determine the
final mesh. These difficulties can be better understood by
considering two additional cases

e In Step 1, we initialize the problem with 30 elements,
and therefore, start with a smaller approximation error.
The solution procedure is terminated with penalty term
at zero and the number of finite elements increases to
31. The total time for solving the outer problems is
now only 22.5 CPU seconds and the solution profiles
remain the same as in Figure 4 with A from Problem
(26) equal to 0.1090232175342 and the objective equal
to —0.3241429813715.

e We impose an upper bound of u(z) < 3.5 and set the
initial number of finite elements from Step 1 to 20. The
bilevel approach increased the number of finite ele-
ments to 21 and the total effort for solving the outer
problem is only 11.9 CPU seconds. Except for a
slightly less steep initial control profile, the solution
profiles remain virtually the same as in Figure 4, with
H from Problem (26) equal to 0.1091037694239 and
the objective equal to —0.32410050151.

Temperature profiles for batch reactor with
Williams—Otto kinetics

We now consider a nonisothermal batch reactor with more
complex reactions A+B — C,B+C — P+E,C+P — G as
originally posed in Ref. 28. Here, the goal is again to find a
(transformed) temperature profile that maximizes the final
amount of product P after 1 h (= 1). The optimal control
problem can be stated as

min  —p(1) (34a)
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da

s.t. E*_rl (34b)
% =—(ri+r) (34c¢)
% =2r1—2ry—r3 (34d)
% . (34e)

a(0)=1,b(0)=1,¢(0)=0,p(0)=0,u(t) € [0,100]  (34f)
where 71 =kja(t)b(t), r,=kab(t)c(t), r3=ksc(t)p(t), ki=ouli i
=1,...,3 and o=[1,1.21394,0.733], f=[1,1.25,5/3]. The
initial number of finite elements for Step 1 is set to 20.
Here, the algorithm is executed but the outer problem fails
to meet the Hamiltonian criterion and the number of ele-
ments increases to only 23. Nevertheless, it is instructive to
view one of converged inner problem solutions with the state
and control profiles, and element distribution shown in Fig-
ure 5. From this figure, we see that the control profile has a
very steep slope, the length of first finite element is
0.000395414, and the control value at t =0 is near a large
upper bound. We believe that this very steep control profile
contributes to failure of the method.

To investigate this behavior, we reduce the upper bound
on the control profile to u(f) < 0.6 and, again, initialize with
20 elements. With the bilevel approach, the final number of
finite elements remains at 20 with only one solution of the
outer problem and only six IPOPT iterations for (16). The
total time for solving the outer problems is 4.6 CPU seconds.
The value of H from (26) is 0.1272836433559 and the opti-
mal objective has a value of —0.1254534249595. The final
element distribution along with the state, control, and Hamil-
tonian profiles are shown in Figure 6.

Sensitivity to convergence parameters

As part of this numerical study, we solved an additional
set of test cases to assess the sensitivity of the bilevel
approach to its convergence parameters. In particular, we
considered several values for p > 10* as well as values of &
and ¢, at 10> and 10~ °. The results can be summarized as
follows:

0 01 02 DIE 04 05 06 07 08 [E]

Tima

A+ T 4 T + T T +
0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1
Figure 5. Control and Hamiltonian profiles for batch
reactor with Williams-Otto reactions and

u(t) <100.
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Figure 6. Control and Hamiltonian profiles for batch
reactor with Williams-Otto reactions and

u(t) <0.6.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

e To demonstrate the effectiveness of the Hamiltonian
criterion (26d), the NCO error criterion (14) was
checked for all of the above solutions. We found that
the NCO errors were all within the tolerance ¢ = 10~ *.

e All of the above results remain unchanged when a
larger value of p is used, so we consider p=10* to be
sufficiently large. This is consistent with properties of
£ penalty functions.

e For the smaller values of ¢ and ¢, the first three prob-
lems (parallel, van de Vusse, and Denbigh) solve with-
out difficulty with solution profiles essentially the same
as those presented above and (very) slight improve-
ments in the objective functions.

e Due to the steep control profile, the series problem was
more difficult to solve with smaller values of ¢ and ¢,
Convergence was successful only for &, = 10" for u(r)
< 5 and for &, = 10" for u(t) < 3.5. Convergence was
unsuccessful for u(f) <5 with &, =10"> and for u(r)
< 3.5 with ¢, = 107°.

e Due to the steep control profile, the Williams—Otto
problem with u(7) < 100 could not be solved with
smaller values of ¢ and ¢,. On the other hand, for u(z)
< 0.6 these cases solve without difficulty with solution
profiles essentially the same as those presented above
and very slight improvements in the objective function.

Optimal Control of Modified Singular Problems

We now consider six test examples modified from singular
control problems; similar examples are also considered in
Ref. 16. Convergence properties for mesh refinement with
the collocation approach require coercivity conditions on the
control problem,”"* analogous to SSOSC conditions for the
discretized Problem (16). As singular control problems vio-
late coercivity conditions, convergence of our bilevel
approach cannot be guaranteed for these problems. Instead,
we consider singular examples with an additional regulariza-
tion term, éfé” u?dt in the objective, with & > 0, in order to
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make these examples coercive. The first four problems stem
from small, singular problems modified from the literature,
whereas the last two are larger problems related to dynamic
process optimization.

Catalyst mixing problem

In this problem, the reactions A <= B — C take place in
a tubular reactor at constant temperature. The first reaction is
reversible and is catalyzed by Catalyst I, whereas the second
irreversible reaction is catalyzed by Catalyst II. The goal of
this problem is to determine the optimal mixture of catalysts
along the length ¢ of the reactor in order to maximize the
amount of product C. The modified optimal catalyst mixing
problem, can be stated as

min  a(ty)+b(ty) —ao+é J utdt (35a)

0
.. d‘;(t’) = —u(kva(t)—kab (1)) (35b)
%(t’) —u(ka(t) k() —(1—uwksb()  (35¢)
a(0)=1,b(0)=0, u(7) € [0, 1] (35d)

with [f‘:4, ki=k3=1, and k,=10.

For the singular problem with £¢=0, the initial number of
finite elements for Step 1 is set to 20 and the final number
of finite elements remains at 20 with the bilevel approach.
This requires 10 solutions of the outer problem and a total
of 1734 TPOPT iterations for (16). The total CPU time for
solving the outer problems is 638.9 CPU seconds. The value
of H from (26) is 0.04410395200951 and the optimal objec-
tive has a value of —0.19181435553249. The final element
distribution along with the state, control, and Hamiltonian
profiles are shown in Figure 7. As with the analytical solu-
tion, the control has two breakpoints and a bang-singular-
bang structure. The breakpoints determined by the two-stage
algorithm are 0.135021 and 3.72526. Compared with the
analytical breakpoints (see Ref. 30) these values differ by
0.00128 and 2.99 X 107>, respectively.

For £¢=0.1, the initial number of finite elements for Step 1
is also 20 and the bilevel approach increases this number to
21. This requires only one solution of the outer problem and a
total of 26 IPOPT iterations for (16). The total CPU time for

0.0442,

0.0441

0.044 L L L s L L !

A, ——t—t——t—rt + + + + t + ——t—t—t
Figure 7. State, control, and Hamiltonian profiles for
singular catalyst mixing problem.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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Figure 8. State, control, and Hamiltonian profiles for
modified catalyst mixing problem.

solving the outer problems is 8.3 CPU seconds. The value of
H from (26) is 0.04052572 and the optimal objective has a
value of —0.170906354727335. The final element distribution
along with the state, control, and Hamiltonian profiles are
shown in Figure 8.

Aly-Chan singular problem

The modified singular optimal control problem®' is given by

min z; (g) (362)

st %—zz,zl(0)=o (36b)

% —im(0)=1 (36¢)
%=%z§—%z§+éu2;z3(o)=o (36d)
“1<u<l (36¢)

with £=0.1. The initial number of finite elements for Step 1
is 20 and the final number remains at 20. The bilevel

approach requires only one solution of the outer problem
and a total of five IPOPT iterations for (16). The total CPU
time for solving the outer problems is 1.6 CPU seconds. The
value of H from (26) is 0.4802907 and the optimal objective
has a value of 0.03836184. The final element distribution
along with the state, control, and Hamiltonian profiles are
shown in Figure 9.

Rayleigh problem
In this example, we find u(f) that solves
tr=2.5
min J x%-f— suldr (37a)
0
dx1

t. —= 37b
s a R (37b)

dX2 2
P +(1.4—0.14x35)x, +4u (37¢)
x1(0)==5,x,(0)=-5 (37d)

with é=1. The initial number of finite elements for Step 1 is
20 and the bilevel approach increases this number to 208.
This requires four solutions of the outer problem and a total
of 428 IPOPT iterations for (16). The total CPU time for
solving the outer problems is 1788.4 CPU seconds. The
value of A from (26) is —2.019174 and the optimal objec-
tive has a value of 29.37608. The final element distribution
along with the state, control, and Hamiltonian profiles are
shown in Figure 10.

Modified stirred tank reactor

The modified stirred tank reactor optimal control prob-
lem*” is given by

7

min,, J(x% +x§ +2u*)dt (38a)
0
dx1
s.t.§=2al+a4—a1u x1(0)=0.05 (38b)

1.5 T T T T T T T
| i
0.5l P g 1
e 21 N
T T e 2
0 T I
—u
____l_—___l_—___l_‘—— . L 1
0'50 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
4808 —— Hamiltonian
48021
4798 ; . i - . ; i
0 0.2 0.4 06 (_18 1 1.2 1.4 1.6
Time
A+ ' !
0 02 04 06 038 1 12 14 16 0 05 1 15 2 25

Figure 10. State, control, and Hamiltonian profiles for
Rayleigh problem.

Figure 9. State, control, and Hamiltonian profiles for
modified Aly-Chan problem.
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d
P2 0.5—x24a4;12(0)=0

0 (38c)

x1(tr)=x2(tr)=0 (38d)
with ¢=1 and #;=0.78. The initial number of finite elements
from Step 1 was set to 20. The two-step algorithm is executed
and terminates with the ¢, penalty term at zero. The number
of finite elements increases to 40. This requires two solutions
of the outer problem and a total of 39 IPOPT iterations for
(16). The total time cost for solving the outer problems is
16.1 CPU seconds. The value of A from (26) is 0.009716093
and the optimal objective has a value of 0.0167028. The final
element distribution along with the state, control, and Hamil-
tonian profiles are shown in Figure 11.

Modified Lee—Ramirez problem

We now consider the modified bioreactor control problem
by Lee and Ramirez.'® Here, two control profiles (glucose
and inducer feeding rate) are determined to maximize the
volume of product at #=10 and the reactor model is an
index-1 DAE. This problem can be stated as

i
min —X4(If)x1(tf)+éj(u%+u%)dt
0

d.
s.t. %zuﬁ—uz, x1(0)=1

dx

722 =g1x1x2— (g +uz)xz, x2(0)=0.1
d)C3

v =uic;— (U +up)x3—g1x1x2/c2, x3(0)=40
dx.

714 =goxy— (1 Tuz)x4, x4(0)=0

dx

7; :M2C3_(M1 +M2)X5, X5 (0):0

d

% =—43Xe, x6(0)=1

d .

% =g3(1—x7), x7(0)=0

11=14.35+x3+(2/111.5), =0.22+xs, 15=0.22x7x, /12
g1=x3(x6+0.22x7/12) /11

22=0.233x3((0.0005+x5) /(0.022+x5)) /11
3=0.09x5/(0.034+x5)

0 <u(r),ux(r) <1

where £¢=0.1,¢; =100, ¢;=0.51, and ¢3=4. The initial number
of finite elements for Step 1 is 20 and the bilevel approach
increases this number to 44. This requires two solutions of the
outer problem and a total of 39 IPOPT iterations for (16). The
total time cost for solving the outer problems is 1241.38 CPU
seconds. The value of H from (26) is 3.54156591 and the opti-
mal objective has a value of —6.0995216123. The final ele-
ment distribution along with the state, control, and Hamiltonian
profiles are shown in Figure 12.

Distillation optimal control column

Finally, we determine an optimal product profile in order
to achieve desired product purity from a binary distillation
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Figure 11. State, control, and Hamiltonian profiles for
stirred tank reactor problem.

column, which separates components A and B. The dynamic
model is based on an equimolar overflow assumption (i.e.,
vapor V and liquid L flow rates do not vary with tray index

J), with vapor-liquid equilibrium described by the Wilson

equation. The index-1 DAE model has 32 differential state
variables (due to 30 trays, a reboiler and condenser), 32
algebraic variables and the distillate flow as the control vari-
able. This problem is originally described in Ref. 33 and is
paraphrased below

4.5

Figure 12. State, control, and Hamiltonian profiles for
modified Lee-Ramirez problem.
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Figure 13. State, control, and Hamiltonian profiles for
modified distillation problem.
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where (for tray j) M is molar holdup, V and L are vapor and
liquid flow rates, respectively, y and x are vapor and liquid
mole fractions, respectively, F' is the feed flow rate, ) refers
to activity coefficients defined by the Wilson equation, P**
is the vapor pressure, and P and T are pressure and tempera-
ture, respectively. Additional problem data and expressions for
Ya» Vg, PR, and P can be found in http://www.hedengren.
net/research/models.htm.

The initial number of finite elements for Step 1 is set to 20
and the bilevel approach increases this number to 56. This
requires two solutions of the outer problem and a total of 64
IPOPT iterations for (16). The total time for solving the outer
problems is 887.5 CPU seconds. The value of H from (26) is
—0.1123137 and the optimal objective has a value of
24.82098. The final element distribution along with the state,
control, and Hamiltonian profiles are shown in Figure 13.

Conclusions and Future Directions

This study develops a mesh refinement strategy for a class
of nonsingular optimal control problems based on simultane-
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ous collocation. Based on moving finite elements embedded
within an NLP formulation, this bilevel approach determines
numerically accurate solutions for this problem class. Novel
features of the algorithm include the direct location of break-
points for control profiles, constraints on approximation error
from the inner, fixed-mesh problem and a termination crite-
rion based on a constant Hamiltonian profile, which can be
embedded directly into the outer problem.

The above solution strategy has significant advantages over
the full-space approach in Ref. 16 because it creates two man-
ageable problems from a larger, ill-conditioned one. In the
inner problem, a large-scale, but well-defined fixed-mesh
problem is solved. In the outer problem, a much smaller prob-
lem adjusts the mesh to improve the solution. Our bilevel
approach links these two problems through a large-scale NLP
solver and NLP sensitivity algorithm. Applied to 11 optimal
control problems ranging from 2 to 64 state equations, this
simultaneous collocation approach converges to tight error tol-
erances and constant Hamiltonian solutions with only a few
outer problem interactions. Moreover, we have demonstrated
the bilevel approach is a systematic strategy for a general
class of optimal control problems.

Nevertheless, a number of open issues need to be dis-
cussed for future work including the following areas.

e In the outer problem, the objective function and active
error constraints are insensitive to most of the finite ele-
ments in the mesh. As a result, there may be no unique
solution to the finite element mesh and the insensitive
elements need to be regularized or specified in some
fashion. Fortunately, this feature is confined to the outer
problem, but a suitable damping/regularization strategy
may need to be implemented to prevent unstable per-
formance for the outer problem.

e Singular control problems lead to loss of sufficient
second-order conditions and nonunique solutions.
Although not addressed here, it may be possible to
tackle them by introducing additional regularizing con-
straints into the outer problem.

e Although the inner problem (16) is less difficult to
solve, careful attention may still be needed for initiali-
zation strategies (e.g., Steps 1 and 2 in the solution
strategy) as well as constraint relaxation schemes. The
latter are likely to be problem dependent.

e More general classes of optimal control problems need to be
considered that include state variable constraints. Here, it
may be fruitful to apply barrier functions to state constraints
and assess the convergence properties of this approach.

Finally, while the mesh refinement strategy is grounded on
properties of the simultaneous collocation formulation, the
convergence analysis to infinite dimensional spaces is still
open and needs to be addressed in future work. Moreover, a
number of additional heuristics could be considered to accel-
erate the mesh refinement strategy within an integrated opti-
mization platform. These additional features should lead to
an even more efficient, automated strategy for dynamic pro-
cess optimization.
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